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ABSTRACTT 


Apprcacimate  expressions  are  obtained  for  the  coherent  radiation  loss 
by  electrons  in  a synchrotron  in  the  presence  of  finite  parallel  plate  metallic 
shields,  such  as  the  pole  faces  of  the  magnet,  • The  results  irotild  seem  to 
provide  a useftil  interpolation  betireen  the  tiro  sinqple  limiting  cases  of  shield- 
ing by  infinite  plates  and  no  shielding  at  all. 


ON  THE  SUPPRESSION  OF  COHERENT  RAIUA7I0N  BI  ELECTRONS  IN  A SYNCHROTRON- 


INTRODUCTION 

As  is  nell  known,  the  coherent  radiation  loss  hy  electrons  in  a 
synchrotron,  althoxi^  independent  of  energy,  increases  with  decreasing  bvinch 
size  as  the  (-U/3)  power In  some  of  the  extremely  high  energy  synchrotrons 

(l)  L„I,  Schiff,  Rev.  Sci.  Inst*  1^  6 (19U6)»  See  also  eq.  (23)  below* 


reportedly  under  consideration,  the  bunching  is  likely  to  be  sufficiently  marked 
that  the  coherent  radiation  loss  co\ild  become  serious.  As  is  also  well  known, 
the  coherent  radiation  has  a spectrum  mainly  in  the  short  wave  radio  and  micro  - 
wave  regions  and  hence  can  be  s\ippressed  in  part  by  the  use  of  metallic  shields 
It  is  our  purpose  to  extend  some  unpublished  results  of  Schwinger in  which 


(2)  J.  Schwinger,  On  P^adiation  by  Electrons  in  a Betatron,  (19U5)  unpublished. 
Our  thanks  arD  given  to  L.  Jackson  Laslett  who  called  this  material  to 
o\u*  attention. 


this  radiation  was  calculated  assuming  the  orbit  to  lie  midway  between  two  plane 
parallel  sheets  of  metal  of  infinite  extent,  to  the  case  in  which  these  metallic 
sheets  are  finite,  as  would  be  the  case,  for  example,  if  the  shielding  were 
produced  by  the  pole  .f^cds  of  the  race  track  magnet  itself.  Our  results, 
although  necessarily  rough,  would  seem  to  provide  a useful  interpolation 
between  the  two  simple  limits  of  shielding  by  infinite  plates  and  no  shielding 


at  all 


2. 


KMER  RADIAIED  BT  ONE  ELECTRON 


We  begin  by  writing  an  expression  for  the  power  radiated  in  the 
nth  hannonic  by  an  electron  moving  in  the  z • 0 plane  in  a circular  orbit  of 
radius  R with  angular  frequency  Ut) ; namely, 

P.  = Re  41nuje®  / a(<e-e>')  0_(R,q>,e;  R.qj'.e)  r l-P®oos(((v-ip')l 

-T,  L (1) 

where  ^ *»ujR/ce  In  the  above,  the  Green's  function  Gjj(r,  cp»z;  r',  qj*,  z*)j 
which  is  to  be  evaluated  on  the  orbit  as  indicated,  is  the  outgoing  wave  solution 

(78  + k®)  6 6 (z-z7)  (2) 


with 


*nuj/c  -nO/R. 


In  addition,  must  satis.fy  appropriate  boundary  conditions  if  a metallic 
ihield  is  present.  We  consider  throe  cases  as  follows: 

I.  No  Shielding 

In  this  case  f’'n  is  just  the  free  space  Green's  function  G^^^  which, 

"dien  evaulated  on  the  orbit,  is  given  by 

On"*  (H.tP.O;  R,®'.0)=|j;  e^lnPlaln^^l 

2R|eln5^Sei| 

oiibstitution  into  eq.  (l)  yields,  after  the  angular  integration  is  performed, 
the  well  known  result^^^* 


'3)  G.A,  Gchott,  Electromagnetic  Radiation,  (Cambridge  Univ.  Press,  Cambridge 
1912). 


(U)  J.  Schwinger,  Fhys.  Rev.  1912  (l9l+9).  Our  starting  point,  eq.  (l), 
vrith  given  by  eq.  (3),  is  essentially  eq.  (III. 7)  of  this  reference. 
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II.  Infinite  Parallel  Plato  Shields 

In  this  case  must,  satisfy  the  boundary  condition  that  it  vanish  on 
the  metal  plates.  Taking  these  pLatos  to  bo  separated  by  a distance  ^ with  the 
electron  orbit  midwaj'  between  the  plates,  we  thus  require  a solution  of  eq.  (2) 
subject  to 

Gn  = 0;  z=+a/2  (5) 

This  function,  which  we  denote  by  , is  easily  derived^^^  and  can  be 

(i?)  See,  for  example,  P.M,  Morse  and  H,  Feshback,  Methods  of  Theoretical 

Physics  (McGraw-Hill  Book  Co.,  N.Y,,  19!?3)  Chapter  7,  particularly  p,  892. 

A detailed  derivation  is  given  in  reference  (2), 


expressed  as 


C'n  r»,  C(J,z')  = 


2 sin  ^(z+a/C)  sin-^  (5i4-a/2) 


(6) 


J=1  a 

where 


= ) >'n  - 'CPA)‘ 


= r;, 


(rfl/3)®  - (Jt/a)^ 


an’  v.-hero  r^-  is  the  lesser  of  the  tv;o  radii  r and  r*,  r_  the  greater  of  the  two, 
J-.,hsti tution  into  or,  (l),  then  yields  after  oerformance  of  the  angular 


integration, 


nu|- 


UttR 


Re 


(' 


ryr- 


2 


_-Hn 


(1) 


*^n+ 


P‘ 


.(1) 


(1) 


K-i  Jn-1  + Jn+l)J  j 


(7) 


•..hero  the  argument  of  all  the  cylinder  functions  is 

•VnjR  = [ (nP)^  - (jrti/a)^j  ® 

'Tie  pov/cr  radiated  into  the  attenuated  modes  is  of  course  zero  s’ nee  for  these 
rn'idos  tlie  argijments  of  the  qy^linder  functions,  and  also  •thoi'cfor^-  the  products 
‘-n^^nj  hccomc  purely  imaginary.  Only  those  terms  for  which  J consequently 

contribute  to  eq,  (7), 


u. 


m.  Finite  Parallel  Plate  Shields 

Imagine  now  that  the  shielding  plates  of  case  II,  instead  of  being 
infinite,  extend  from  an  inner  radius  to  an  outer  radius  R2  (with  R^<  R <1R2 

of  course)  as  would  be  the  case  if  the  pole  pieces  of  the  ring  magnet  itself 
were  the  shielding  plates.  In  this  case,  the  Green's  function  in  the  region 
between  the  plates  must  satisfy  appropriate  (and  ver>'  complicated)  boundary 
conditions  at  the  surfaces  r = R^^  and  r = R2  in  addition  to  the  boiindary  conditions 
of  oq«  (5).  These  extra  conditions  can  be  satisfied  only  if  a general  solution 
of  the  homogeneous  equations  is  added  to  the  Green's  function  of  eq,  (6), 


Thus  for  this  case  \we  must  have 

= '■■n’’  + f., 

where  we  write  Fjj  in  the  form 


2a 


JH(z+a/2)  ^ 


(8) 

(9) 


whoru  the  factor  ^ sin  £l  (z'+  a/?.)  is  included  for  convenience.  The 

important  fact  is  that  F^j  is  .a  general  solution  of 
( V2+  k„2)  F„  = 0 

and  satisfies  oq.  (5).  The  coefficients  and  are  exactly  determinable 
only  upon  consideration  of  an  extr-mcly  difficult,  if  not  insoluble,  boundary 
valaio  problem.  However,  represents  essentially  reflected  waves  at  the  boundaries 
R^  and  R2,  and  hence  these  coefficiontw  can  be  roughly  estimated  /Trom  physical 
alignments.  In  pai’ticulor,  we  shall  secjk  to  stay  on  the  safe  side  by  looking  for 
something  like  an  upper  limit  to  the  power  radiated.  As  a first  step,  we 
assume  that  as  far  as  the  propagating  modes  are  concerned,  the  power  radiated 


is  not  less  than  it  would  be  for  an  infinite  shield  - i.o.  - we  set  \|-  = 0 

for  propagating  modes.  It  is  then  necessary  only  to  consider  the  power  radiated  ' 

A*"'' 

.wikto  the  attenuated,  modes.  As  mtmtioned  previously  Gj^  contributes  nothing 


(10) 


5. 


nhero  P_  is  given  by  (7)  and  where 


Xatt) 


TT 


n 


= Ra  41nu)e^  / d(q>-q)^)  Fj^(orblt) 

--TT 


1-3^008  (cp^qp* ) 


(11) 


In  order  to  evaluate  eq.  (11),  we  must  estimate  the  remaining  and  E^j. 

The  easiest  way  to  do  this  is  as  follows.  In  ary  high  energy  synchrotron,  the 
length  R2  - and  the  plate  separation  a arc  very  small  compared  to  the  orbit 
ra^’ins  R.  Thus  the  cylindrical  waves  behave  very  much  like  plane  waves  - i.e»  - 
the  Bessel  functions  can  be  replaced  by  their  asymptotic  values.  To  this 
approximation,  a typical  atteniiated  mode  of  of  eq.  (8)  has  the  form  of 
attenuated,  plane  waves  eijiitted  by  the  source  plus  waves  reflected  at  the 
boundaries  with  amplitudes  expressible  in  terras  of  a complex  reflection 
coefficient  of  order  of  magnitude  unity.  The  power  transmitted  in  the  attenuated 
modes  is  easily  calculated  in  terms  of  such  reflection  coefficients  and  an 
’’upper  limit”  estimated  by  choosing  the  phase  of  these  reflection  coefficients 
properly  while  setting  their  magnitudes  equal  to  unity.  The  simple  result  is 


then  the  following: 
.2 


att^.  ^ 

n R a a_T  3 TT  JiTR/a  ' ^ 

J>na/TrR 


) 


In  obtaining  this  result,  multiple  reflections  have  been  neglected  and  the 
argument  of  the  Bessel  functions  in  eq.  (8)  has  been  approximated  by 

both  being  permissablc  for  highly  attenuated  modes.  The  various 
terms  which  appear  arc  then  easily  identified.  The  factor  (nuje'^/R)  (lirrR/a) 
is  tho  same  normalization  factor  as  in  cq.  (7),  the  factor  (2/tt) (a/jrti)  arises 
from  the  asymptotic  expansion  of  the  Bessel  functions,  while  the  first 
'xpe-nential  gives  the  attenuation  of  a wave  of  unit  amplitude  originating  at  the 
source  and  then  being  reflected  back  to  it  by  the  surface  at  R^^  and  similarly 
for  the  second  exponential  term  with  reflection  at  R^.  In  any  t^vent,  if  we  now 
introduce  the  dimensionless  parameters 

61=  (R  - Ri)/a  : 


8 2 ( ^2  ” ^ ) /^ 


(12) 
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■we  ob'tain  finally 


att 


^nijue^ 

ttR 


J=l,3  3 

J ;^na/TTR 


(13) 


The  procedure  described  above  is  admittedly  crudCj  but  in  fact  ■vre 
have  obtained  the  same  result  by  a much  more  careful  treatment  in  -which  the 
shield  was  regarded  as  a section  of  a radial  transmission  line  with  proper 
care  being  given  to  asymptotic  representations  of  the  Beasol  functiona  In  the 
various  domain,  of  order  and  argment  which  occur*  shall  not  reproduce  that 
treatment  here  except  to  say  that  it  shows  that  eq*  (13)  is  adequate  provided 
§ 2 and  iX'/20#  This  res-triction  on  o is  relaxed  somewhat  if  R/a  is  larger, 

an  might  be  expected  for  actual  synchrotroast  For  example,  if  R/a  .<’^100  then 
4 . 5 is  suitable*  Hov^ever,  as  wc  shall  see,  the  shield  behaves  very  much  as  if 

it  were  infinite  when  S appreciably  exceeds  2 and  hence  this  is  not  a serious 
restrictiont 


00H3REOT  RADIATION 


Having  obtained  expressions  for  the  power  radiated  in  the  nth  harmonic 
by  a single  electron  for  each  of  the  throe  cases,  -ive  nov;  desire  expressions  for 
the  power  radiated  b ' say  H electrons  distributed  in  a specified  way  around  the 
circular  crbitl^)*  (^)*  (^)  In  particular,  suppose  the  k-th  electron  to  have  the 
.ang'ular  coordinate  cpj^  + ibt  at  time  t*  In  "the  Fourier  decomposition  of  -the 
fields,  the  contribution  of  each  electron  thus  contains  a phase  factor 
for  -the  ntli  harmonic.  It  is  then  easily  estc  Aished  that  the  power  radia'ted  in 
the  nth  harmonic  by  the  N electrons  is 


•n  I I 


N 


(14) 


Toe  first  term  gives  just  the  incoherent  power  loss.  Since  the  spectriun  of 
this  radiation  is  mostly  in  the  -visiblG  or  ultraviolet  region,  it  is  of  course 
r-oftf footed  by  the  presence  cf  the  shields  - i.Q,  - vdien  simmed  over  n,  it  gives 
the  usual  results (^)»  (^■'* (^)» ^^)  in  all  cases  and  we  shall  not  discuss  it  fiorther. 


7. 


Our  interest  is  in  the  second  term,  representing  the  coherent  radiation, 
Ttirlch  wo  express  as 

N(N  + 1)  ^ (15) 


•yrherc  the  fem  factor  is 


^n  ~ rI(N  '^"17  - «Pq)  (16) 

As  Sliming  that  the  olcctrons  are  symmetrically  distributed  about  the  same  mean 

r.njlc,  say  zero,  and.  that  each  electron  is  independent,  we  then  have  at  once 

fj^  * ^/cos  nq>  S(cp)  d cp)^ 

where  S(cp)  d cp  is  the  probability  that  a given  electron  is  found  in  the  angular 
intcjrval  between  cp  and  (p  + dop.  For  example,  if  the  electrons  are  uniformly 
distributed  over  an  angular  interval  fX, , then 

s('p)  ^ f 

~ 0,  otherwise 


and 


-- 


(17) 


As  a second  example,  if  the  electrons  are  distributed  according  to  a Gaussiun 
law,  then 

2/. 2 


and 


S(cp)  = ^e"«P 

. -(noyz)^ 


■n  - (16) 

In  ary  event,  the  total  coherent  radiation  is  obtained  by  summing  eq.  (15) 
over  all  harmonics  and  vfz  then  have,  for  the  three  cases  under  consideration: 

I.  No  Shielding 


P*- S pf*-’^  f 
coh  n -^n 

(19) 

Infinite  Parallel  Plate  Shields 

S f 

coh  n n 

(20) 

Finite  Parallel  Plate  Shields 

p . r p^'^^  + p(^'t't) 
^coh  ^coh  coh 

(21) 

(22) 

III 


8. 


Usinq  tho  fact  that  oq.  (19)  has  been  evalroated  for  a 

uniform  distribution  by  Schwinger^^^  and  for  a Gaussian  distribution  \rj  Schiff^^^ 
with  the  results 

2 7T  ^/3 

^coh  = N UJ  ( ^ ) (uniform)  (23) 

^coh  “ [P(2/3^^  (Gaussian) 

It  is  seen  that  the  results  are  not  terribly  sensitive  to  tho  detailed  character 
of  the  form  factor  and  henceforth  wo  shall  consider  only  the  uniform  distribution. 
For  this  distribution,  Schwinger^^^  has  also  evaluated  eq.  (20),  but  only  ■under 
tho  assujnp'tion  that  •the  size  of  the  bunch  is  at  least  of  "the  order  of  the  plate 
separation  (i.e»)  that  ?'  a),  with  the  result^^^ 


(6)  See  ■the  appendix  for  details. 


coh  ^ 2 


(2U) 


This  rcs-triction  on  the  size  of  tho  bvuich  is  not  as  serious  as  it  seems  at 
first  glance,  since  for  R«^  much  less  than  a the  shielding  effects  become  very 
small  and  hence  are  not  of  significance.  Additionally,  examination  of  Schwinger's 
dori^vation  leads  one  to  the  conclusion  that  eq.  (2h)  represents  essentially  an 
upper  limit  to  tho  coherent  radi'-  tion  loss  as  becomes  smaller  than  a/R. 
?res\imably  therefore  eq.  (2U)  can  be  safely  used  until  becomes  small  enough 
that  til.;  result  is  numerically  equal  to  that  of  eq.  (23),  after  which,  of  course, 
the  latter  equation  can  bo  used. 

Finally,  we  calcula'te  the  correction  ■term  for  fini^be  shields  from 
eq.  (22),  using  eq.  (17)  and  eq.  (13): 


coh. 


^ f S (ViXe- 
^ ^ J=l,3 


n=l 


For  5 ^ only  tho  J “ 1 term  contributes  significantly>  as  is  easily  verified, 


so  that,  i;sing 

flln^  rr^/2 
1 n 


•nivya 

/ ■ 
o 


Bln^  x/2 

X 


dx 


s (2Si) 

£l 


•we  obtain 
(att)  . 
*coh 


I e~2TT6i  g-2TT6g 
TT-«='  L 


S(lTjk) 
a * 


(85) 


(86) 


This  result  is  valid  under  the  conditions  R/a  20  and  ^ ^ 6-2*  Although 

this  nviy  seem  to  be  a small  domain  of  validity,  it  actually  covers  the  most 

im.-ortant  region.  The  quantity  S(xrSi)  is  easily  expressed  in  terms  of  known 

a 

r\’.nctions^  viz, 


(7)  Gee,  for  examole,  Jahnko  and  Gmde,  Tables  of  Functions  (Dover  Publications, 
Now  Yorl:,  19h3)  P*  2 and  p»  6, 

s(y)  = |][c+logy~  C±(y)J  (27) 

C = 0.577  ...  - Euler's  constant 
so  that  the  final  result  is  extremely  simple. 

As  an  example,  in  Fig,  1,  we  present  a plot  of  the  coherent  power 
loss,  relative  to  the  loss  in  the  absence  of  shielding,  against  pla'te  width  for 
the  special  case  “ §2  - 6/2  and  for‘^=  ,0U  and  R/a  = 50.  Although  only 
a portion  of  the  cvirvc  can  be  calci’lated  using  (21),  (23)  and  (26)  we  do 
know  the  limit  points  -when  4 = 0 (no  shielding)  and  6 (infinite  parallel 
plate  shielding)  and  hence  the  remainder  of  -the  curve  can  be  sketched  in  without 
serious  error.  The  dot'ted  portion  in  the  figure  has  been  so  sketched,  •while 
tho  solid  portion  has  been  calculated  according  to  the  above. 

In  Fig.  2,  3 and  U,  we  present  •the  results  in  convenient  form  by 
introducing  the  parameter  k(6,  2,  ■=<'-)  defined  by 

Pcoh  = '*1.  |.•x)+l=  (52,  !,<,<)] 


(28) 


Values  of  6 vs  R^a  for  constant  k have  been  plotted  forC7^=  *02,  *0U,  ,06, 

Those  curves  enable  one  to  estiraatc  the  vridth  of  shielding  required  to  reduce 

the  coherent  radiation  loss  to  a given  anount  in  units  of  the  loss  for  infinite 

shields#  As  an  example,  given  S *»  60,  ■ *02  it  might  be  desired  to  know  the 

a 

(ck) 

plat3  widtha  necessary  to  reduce  the  coherent  power  to  twice  ^coh*  Selecting 

= §2  ^ = 0»5  we  find  from  the  curves  of  Fig, 

2,  6^  = 62  = 1.15  and  hence  from  (12) 

R R^  “ R^  ••  R “■  l*l^a, 
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APPENDIX 


Because  of  the  unavailability  of  reference  (2),  we  give  an  outline  of 
Schwinger's  derivation  oP  eq,  (2U).  Taking  the  indicated  real  part  of  (?) 


we  have 

n R a 


= nuuSl  inE 
R a 


S 

J <naP/TrR 

Z' 

J^naf3/TrR 


f \ 2 ei 

■ **Vn  + p 

I 


r. 


'n-l 


(A-1) 


where  the  argument  of  the  Bessel  functions  is^ 

= ;_(ne)^  - (jTffi/a)2j  " 

Since  fTR/a  -^-'•^l,  the  harmonics  involved  in  the  radiation  are  sufficiently  high 
that  approximation  formulas  for  Bessjl  functions  of  largo  ord.er  arc  applicable 


11. 


and  we 


, placing 


P"  1, 


(8) 


G.N.  Watson,  Bessel  Functions,  (ihe  f.lacMillan  Oo., 

(^/n^  --  (j''-H/a)^  ) = inE/a  jr 
“ <y3n  n 

Jn’  (yr.2  - (jTia/a)®  ) = 

y OTT 


New  York  19h$)  P.  2U8. 


Recognizing  that  the  contributions  to  are  negligible  unless 

n ( jrrPy a ) ^ Oirlt/ a,  so  that  n must  exceed  jTTn/a  by  a rather  large  factor,  we 


simplify  the  second  terra  of  (A-1)  accordingly  and  obtain 

l'-  R Bus  ^ I.  1/3  ! ^ I h/3 

Yjc  n 


7 

3n2 


where 


7^  = jTm/a. 


Ihe  total  coherent  power  is  then  given  by 


= „2  !!!|i  iE_  s ( 
R 3na 


•"coh 


sin  n»'72\‘^  -n* 

J=1.3-iV 

■Vj<n 


■^3  (-2 


Lh/s 


Replacing  tiie  sura  over  n by  an  integral,  introducing  x = 7j3/3n^,  we  then  have 


.,2  1 12R 

^coh  = ^ 


(s 


J=l,3  'J  _ 


'(7?j3/3x  f) 

4/3  4/3^^1] 


X dx 


(A-3) 


vrtiere,  the  correct  upper  limit  of  the  integral,  7^/3,  which  in  large  compared 
to  unity,  has  been  replaced  by  infinity.  Now  the  main  contribution  to  the 
■•ntegral  comes  for  values  of  x in  the  interval  0£-  x i:  .l»  In  this  interval  the 
argument  of  the  sin“  term  in  the  integral  is  at  least  of  order 

^ Hence,  if  R’7-a  is  at  least  of  order  unity,  the  sin^ 

j j a 

/ON 

■Uirra  can  be  replaced  by  its  average  value  2j  knovm  integrals'  ' and  suras 
performed  and  the  result  of  eq.  (2h)  follows. 
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WithoTit  this  restriction  on  R«</a,  the  evaluation  of  eq.  (A-3)  seems 

possible  only  nijnierically.  However,  we  remark  that  if  <X  is  small  enough  that 

2 

the  cirgument  of  the  sin  tern  xs  rather  small  over  the  important  range,  then 
this  term  is  consir'erably  las  s than  its  average  valtie  and  hence,  as  indicated 
in  the  te:ct,  one  errs  only  on  the  conservative  side  in  extending  Schavinger’s 
rosT’lt,  Headless  to  say,  an  absolute  upper  limit  is  obtained  by  replacing  the 
sin^  terra  by  uni.ty,  thus  giving  tv'/ice  the  result  of  eq.  (2U),  but  this  seems 
u’.ineccssarily  conservative. 


Figure  1.  Coherent  pcnrer  loss,  rf  'xatitre  to  the  loss  in  the  absence  of  shielding, 
•width  in  units  of  the  plate  separation. 


Plata  width  vs  orbit  radius,  both  In  units  of  the  plate  separation,  for  extent 
ratio  of  coherent  power  lose  to  that  for  Infinite  parallel  plate  ehields  and  for 
the  electrons  bunched  unlXomily  over  an  ancular  interval  .02  radians. 


.04 


Figtjro  3*  Plate  width  va  orbit  radius,  both  in  units  of  the  plate  separation,  for  constant 
ratio  of  coherent  power  loss  to  that  for  infinite  parallel  plate  shields  and  for 
the  electrons  bunched  unifornly  over  an  angul^-T  interval  •OU  radians. 
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